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About one multidimensional
sum with Fibonacci numbers

Arkady M. Alt

Abstract

This note is motivated by the following problem: Let (fy),,>¢
be the Fibonacci sequence defined by fo = 0, f; = 1 and, for
alln > 1, fny1 = fn + fn—1. Determine

h, = Z fz'.fj.fk,

4,k

where the sum is over i,j,k > 0 with ¢ 4+ 5 + k = n. This
problem appeared in Mathematical Horizons [1], and is also mo-
tivated by a problem of Diaz-Barrero [2].

1 Main results

We will consider the general problem of computing the sum

Sm(n) = § -filf’iz"'fim
115825000yl >0
t1+iz+...+im=n

for any non negative integers m and n. (Note that Sy(0) = 0 as
the sum is over the empty set.) It is easy to see that, in particular,
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Sm(0) =0 and Si(n) = f,. We have
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n—2
+ Z Z filfiz---fim_lfn—l—k
k=1

ilsiZ’-"aim—l ZO
i1+i2+...Fim_1=k

+ Z fi1fi2'°'-fim—1'
il)'iZa---aim—lZO

t1+i2+... i _1=n

Thus,

Smn+1)=85,n)+ Sn(n—1)+ Sp_1(n), n,meN. (1)

Using (1) we will constructively find explicit formulas for S2(n),
S3(n) and S4(n). Note that, since fo = 0, then

hy=S8s(n)= > fifife=>_ > Ffififur
4,3,k>0 k=0 i,5>0
i+j+k=n it+j=k

We will also use the notation g, for S2(n) and s, for Sy(n).
Namely, for m = 1, 2, 3, equation (1) becomes, respectively,

gn+1 =gn+gn—1+.fna n €N, (2)

hn+1 = h, + hn—l + Gn» n €N (3)
and

Spn41 = Sn + Sp_1 + h'n’ n € N. (4)

Consider now the Fibonacci operator F' defined by F(a,) = ap+1 —
a, — a,_1 for any sequence (a,)n>o of real numbers and, in partic-
ular, for any integer k consider two special applications of operator
F'. Namely,

F(anfnir) = ang1fnsiie — @nfoyre — @n_1fn14k
= ang1(frt14k — Fror — Fno14n)
+ ani1fnik + nirfn14k — @nfnir — Gnoafn1yn
= (a@nt1 — an) fatr + (@ny1 — Q1) fr14k
= (@nt1 — @n) fatr + (@nt1 — @n—1) (Fn—14k — Frtr)
= (@nt1 — @n-1) fat1+k — (@n — @n—1) Frik,
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SO

F(an.fn+k) = (a‘n+1 - an—l)fn+1+k - (an - an—l)fn+ka (5)

and

F(anfnikt1) = ny1fnirtz — @nfrietr — @1 fote
= an+1(fn+k+2 — frtkyr — fn+k:)
+ ni1fntktr + @np1fuie — @nfrngrtr — @n_1fnin
= (an+1 — @n) frtit1 + (@nt1 — Q1) Frtr

SO
F(anfnirt1) = (@ngr — @n) frprsr + (@ny1 — @ne1) frogn. (6)
Note that F(g,) = fn, F(h,) = g, and F(s,) = h,,. Note also that
F(a,) =0 <= a, = (a1 — ao) fn + aofni1,
as can be easily proven by induction.

Now we are ready to find g,,, h,, and, afterwards, s,,. Applying (5)
and (6) to a,, = n we obtain, for any integer k,

F(nfoir) = 2fntk — Frntk—1 and F(nfpiki1) = Frikt1 + 2Fntk-

Since for £k = 0 we have

F(nfn—i-l) = fn—i-l + zfn and F(nfn) = 2.fn+1 - .fn9

thus

F(nfn-i-l) + 2F(nfn) = fot1+2fn + 2(2fn+1 — fn) = 5fnt1

and, therefore,

2.fn+1 - nfn) (7)

f'n+1=F< 5

using the fact F' is linear.

We also have

2F(nfnt1) — F(nf,) =2fpp1+4fn — 2f —n+1— f,) =5f,,
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from which

2 n - n
fnzF( nfnt1 — nf ) @)
5
Hence, equation (2) is equivalent to
2nfni1 — nfn 2nfnp —nfn
F(gn)=F< LS f><:>F(gn— P f):(),
5 5
from which we conclude that
2n.fn - nfn
gn = +15 + len—i—l + C2fn-
From the fact that go = 0 we get ¢; -1+ ¢c2-0 =0 and ¢; = 0.
Likewise, from g; =0 we get ¢; -1+ ¢;-1+ 2= =0and ¢; = —3.
Substituting in the above expression, we obtain
2nfo1 — (n+1)f,
gn = S2(n) = 1~ ( ) , (9)

5

and now we can find h,,. Indeed, applying (5) and (6) to a,, = n?
we obtain

F(n?foir) = (n+1)? — (n — 1)*)Foypyr — (n° — (n — 1)%) frg
= Anfpirt1 — (2n — 1) frpk,

or
F(n®foik) = 0 fpinr — (20 — 1) frik, (10)

and
F(n? foint) = (n+ 1) = n®*) ey — (n+1)° — (n — 1)%) frps
= 2n 4+ 1) foyr+1 + 40 frtr,

or
FnPfoirwi) = 2n+ 1) foiksr +4nfoir. (11)

In particular, for £k = 0 in (10) and (11) we obtain
F(nzfn) = 4f'n+1 - (2n - l)fn

and
F(n®fo41) = 2n + 1) foyr + 4Anf,.
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Hence,

F(znzfn)+F(n2fn+1) = 8nf'n+1_(4n_2)fn+(2n+1)fn+1+4fn
- 10n.fn+1 + fn+1 + 2.fn

and

100 fr 41
=F@2n’fn+n°fni1) — 2fn — fot1
:F(Z’n,zfn +n2fn+1)
_ 2F<2n.fn+15_ nfn) _ F(”fn+1 ;' 2nfn>

= F(”lzfnﬂ + om2f, — 2EnFnir Znfa) | fwn T ann>

5 5
:F((TL2 - n)fn-‘,—l + 2n2fn)a

from which

2 2
nfn+1=F<(n n) fny1 + 2n .fn) (12)
10
Likewise, from
F(2n2fn+1) - F(n2.fn)
=An+2)fop +8nfn — (Anfrpn — (2n — 1) f,)
=10nf, — fn + 2fn+1
we get
nf. — F<2n2fn+1 — (n? + n)fn> _ F<%> (13)
10 2

Then, using (13), (12) and (9) we obtain

(5n% 4+ 3n)f, — 6nfn+1>
10 '

5gn =2nfp11 — (N +1)f, = F(

(5n% 4+ 3n)fn, — 6nfni
10
(5n%2 4+ 3n)f, — 6nf,11
50
_ (5n* +3n) fr — 6nfrya
B 50

That is, g, = F< and, therefore, (2) is

equivalent to F (hn — ) = 0 and

hn + len-l-l + C2.fn-
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Since hg = 0 = ¢; and hy = 0 = 2 + ¢, we get c; = —5-, from

which it follows that *®

(5n% 4+ 3n — 2)f, — 6nf,11
50 ‘

h, = Ss(n) =

Before considering the computation of s,, we present another way
to obtain g,,. Note that F(F(g,)) = F(f.) = 0and F(F(F(h,))) =
F(F(g.)) = F(f.) = 0. Since the characteristic polynomials of
F(F(gn)) and F(F(F(h,))) are (> —z — 1)? and (z? — =z — 1)3,
respectively, then

Gnshn = P(n)¢n + Q(n)ans

where ¢ and ¢ are the roots of 2> —x — 1 = 0 and P and Q are
polynomials of degree at most 1 for g,, and at most 2 in the case of
h.,. Since ¢™ and ¢ can be represented as linear combinations of
frne+1 and f,, then we may also represent g,, and h,, in the form

P(n)fni1 + Q(n) f,, namely
gn = (an + b) fri1 + (en + d) fo = anfoii(cn + d) £,
because go = 0 and
ha = (an® +bn + ¢) far1 + (pn® + qn + 1) f
= (an® + bn)foy1 + (pn® + qn +7) fn

because ho = 0, where go = g1 =0, go =1, g3 = 2, hg = hy =
h, =0, h3 = 1 and hy = 3. Then, we get a = 2, ¢ = —; and
d = —; and, therefore,

_2nfapi—(n+ 1),

n - 5 .

The same expression may be obtained substituting g,, = anf,+1 +
(Cn + d)fn ingny1 —9gn —Gn-1 = In.

Now we consider the computation of s,, = S4(n). Applying (5) and
(6) to a,, = n3 for k = 0 we obtain
F(n’f,) = ((n+1)° = (n = 1)°) fapr — (n® — (n = 1)°) f
=6n°+2)foi1— (B2 —3n+1)f, (14)
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and
F(n?fni1) = (n+1)° =n®) fuya — (n+1)° — (n — 1)) f,,
= (3n% 4 3n + 1) foy1 + (607 + 2) frn. (15)
Since g, = 21t _5(" T U5 e pgn). nf. = F<%) and
nfnss = F<("2 — "’)Fzgl + 2"2f"> , then

F(2n?fni1) — F(n?’fn)
= (6n® 4+ 6n + 2) fry1 + (12n% +4)f,
- ((6n2 + 2)fn+1 - (3"’2 —3n + 1)fn)
=15n2f, + 6nf,.1 — (3n — 5)f,

=15n2f, + 6F((n2 - n)f;:;l + 2n2fn) _3F (%) + 5F(g,)

and

15n2f" = F(2n3fn+1) — F(n3fn) — 6F((n2 — 1) fnt1 + 2n2fn>

10

n 3F(%) — 5F(g,)

_ F((lO + Tn — 15n% — 10n®) f,, + (20n3 — 14n)fn+1>
10 ’

from which we conclude that

(10 + 7n — 15n2 — 10n3) f,, + (20n> — 14n)fn+1>
150 ’

n’f, = F(

5n2 +3n — 2)f, — 6nf,
Since Sg(n)zhnz(n +on )f nf 1,

50
z— n + 2 2 n
Nfpis = F((" n)flgl n-f )
and
nf, — F<2n2fn+1 — (n* + n)fn>
" 10 '
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Then, from the fact that F(S4(n)) = Ss(n) we have

1, 3 1 3
F(Sn) =N fn + %nfn - %fn - %nfn+1

10
B F((ll + 5n — 30n? — 5n3) f, + (10n® — 10n)fn+1>
N 750 '
Hence,
114+5n—30n%—-5n3) f,+ (10n3—10n) f,
Sp = ( ) fut( Jfuia +cifrt1t+cafn.
750
Since sg = s; =0, then ¢; =0 and c; = % and, therefore,
(11 + 5n — 30n2 — 5n3) f,, + (10n® — 10n) f,11 N 19
Sy = 1
750 750° "
Finally, rearranging terms we obtain
-1 1)(2nfn+1 — 6)fn
5, = Sa(n) = (n—1)(n+1)2nfor1 — (n+6)f )‘ (16)

150

Remark. We claim that S,,(n) = P,,(n)fot1 + Qm(n)f,., where
P, Q are polynomials of degree at most m, because F(S,,(n)) =
0. Here, F™ = F o F o ... o F with characteristic polynomial
(z? —  — 1)™. Then, the polynomials P and @ can be determined
by substitution of S,,(n) in (1) assuming that

Sm—l(n) == Pm—l(n)fn—i-l + Qm—l(n)fn
and that we know polynomials P,,_; and Q,,_;. Using the fact that
Sm(0) = S,,(1) = 0 we can determine both polynomials. Indeed,
since
Pm(n + 1)fn+2 + Qm(n ‘|‘ 1).f'n,+1 - m(n)fn—i-l

- Qm(n)fn - Pm(n - ]—)fn - Qm(n - 1).fn—1

=(Pn(n+1) = Pa(n) + Qmn(n+1) — Qu(n — 1)) frni1
then the fact that F(S,,(n)) = Pn—1(n) frn+1 + Qm-1(n) f,, implies

Prn(n+1) = Pn(n) + Qm(n+ 1) — Qm(n — 1) = Pp_1(n),

Pn(n+1) = Pp(n—1) + Qun(n) + Qun(n — 1) = Qn_1(n).
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